In this paper we consider a product preserving functor F of order r and a connection ? of order r on a manifold M. We introduce horizontal lifts of tensor elds and linear connections from M to F(M) with respect to ?. Our de nitions and results generalize the particular cases of the tangent bundle and the tangent bundle of higher order.
Introduction
Let F be a product preserving functor (see 8] ), then FM is a ber bundle, with standard ber F 0 (R n ), associated to the bundle L r M of frames of order r, where n is the dimension of M and r is the order of F.
Tangent bundles, tangent bundles of higher order, tangent bundles of p r -velocities, Weil bundles (bundles of in nitely near points) are examples of product preserving functors.
The horizontal lifts of tensor elds and linear connections to the tangents bundles, with respect to a linear connection, were introduced and studied in 19] and 20]. A similar study for the tangent bundles of higher order has been developped in 5] and 9] .
In this paper, we present the horizontal prolongations of tensor elds Let us remark that we do not use local coordinates. In Section 2 we recall some properties of such connections which are necessary for constructions given in the paper.
In Section 3 we recall -lifts of functions and a-lifts of vector elds. Next, we generalize these lifts for the sections of J r (M; R) and J r?1 (T M).
In Sections 4 and 5 we the study relantionships between the horizontal elds and the a-lifts of vector elds. For that, we use the above lifts of sections and introduce a new family of vertical vector elds ff 2 g on F(M), de ned for each derivation f : J r (M; R) 0 ?! J r (M; R) 0 . The formulas, here obtained, are important since they allow us to study the properties of horizontal lifts of tensor elds and linear connections which are introduced in Sections 6 and 7 .
In Section 6 we introduce the horizontal lifts of tensor elds of type (1; 1) from M to F(M), with respect to ?, and use these lifts to prolongate geometric structures from M to F(M).
In Section 7 we introduce the horizontal lift of a linear connection from M to F(M) with respect to ?, and study the covariant derivation of horizontal lifts with respect to this new linear connection.
Product preserving functors
First we recall the de nitions of product preserving functor.
A prolongation functor is a covariant functor F from the category of all manifolds and all mappings into the category of bered manifolds satisfying the following conditions: Kol a r and Slov ak have proved that the regularity condition is a consequence of conditions (1) 
is a di eomorphism.
For a product preserving functor F we will always identify F(M 1 M 2 ) with F(M 1 ) F(M 2 ) by the di eomorphism from the de nition. After this identi cation we have 
holds. Two product preserving functors commute. We shall use this important property along this paper in the case of one of these two product preserving functors is the tangent bundle functor. Namely, for any product preserving functor F there exits a natural isomorphism M : F(TM) ?! T(FM) of vector bundles, over FM, which permets us to identify bundles F(TM) and T(FM) ( It is easy to verify that the covariant derivation has the following properties Let us observe that in the case r = 1 and E = TM, we obtain the de nition of curvature and curvature transformation of a linear connection. In this paper we will use the covariant derivation of sections of three vector bundles of order r associated to L r M. Namely we will use it in the following cases: (1) The r-order cotangent bundle T r M is a vector bundle but in this case we can de ne an algebra structure on each ber of T r M. Namely, if j r x f and j r x g are two element of the same bre T r x M then we can de ne its product setting (j r x f) (j r x g) = j r x (fg) :
These algebra stuctures on bres de ne a structure of algebra on sections T r M. We know (see 3]) that for each vector eld X the mapping D X is an algebra derivation, e.g. for all sections ; 0 2 T r M we have
A similar property can be formulated for the extended r-order tangent bundle.
The covariant derivation of sections of the r-order cotangent bundle T r M is important in the theory of connections of order r because for an operator D satisfying (2.4) and (2.5) there exists a unique connection of order r on M such that D is its covariant derivation (see 3]).
Let us observe that for r = 1 the algebra structure on T r M = T M is trivial, that is vw = 0 for all v; w 2 T x M, but formula (2. From general theory of principal ber bundles, it is well-known that the 1-parameter group of transformations of the horizontal lift of a vector eld is characterized by the following proposition. Since we shall prove the formula locally, without lost of generality we can assume that L r M is a trivial bundle.
Let : M ?! L r M be a section. Let ' t be an 1-parameter group of transformations of X and let b ' t and e ' t be the 1-parameter groups of transformations of X H and X H r , respectively. According to (4.1) we have ( b ' t )( (x); z) = ( e ' t ( (x)); z) ; (4.5) where x 2 M and z 2 F 0 (R n ). For every point x 2 M and every t the r-frames e ' t ( (x)) and (' t (x)) belong to the same ber, thus there exists an element a t;x 2 L r n such that e ' t ( (x)) = (' t (x)) a t;x : such that y = ( (x); z). Now, using (4.8) we have because y = ( (x); z) = F( x )(z). From (4.9) and (4.10) we deduce our proposition. 2 
The bracket of vector elds on F(M).
We shall study prolongations of geometrical structures from a manifold M to a product preserving functor F and also the integrability of the prolonged structures. To do this we shall need formulas for the bracket of di erent vector elds on F(M where Q = (Q 1 ; : : : ; Q n ). Since V n is a vector space we can identify V n with its tangent space T e (V n ) by the mapping X 2 V n ?! d dt (e + tX) jt=0 2 T e V n : PROOF. From Proposition 2.1 we have that R(X; Y ) is a derivation of T r M, so we can consider the vector eld (R(X; Y )) 2 .
We x a point y = (p; z) of F(M). Since (5.14) where D is a covariant derivation of sections of J r?1 (T M) with respect to a connection of order r.
PROOF. Since we shall prove (5.14) locally, without lost of generality we can assume that L r M is a trivial bundle. Let : M ?! L r M be a section. Let ' t be a 1-parameter group of transformations of X and let b ' t and e ' t be the corresponding 1-parameter groups of transformations of X H and X H r respectively. Let a t;x 2 L r n such that formula (4.6) holds and let x : R n ?! M and t;x : R n ?! R n be the same mappings that in the proof of Proposition 4.3.
Using the introduced notation we have (cf, formula (4. (6.6) N t H (X (a) ; Y (b) ) = (N t (X; Y ) (ab) ; (6.7) where D is the covariant derivation of sections of J r?1 (T M T M) and J r?1 (T M), and " " is a natural operations on sections J r?1 (T M T M) J r?1 (T M) ?! J r?1 (T M) (6.8) given by ( ) x = j r?1 x (t x X x ) ; where (x) = j r?1
x t x and (x) = j r?1 x X x .
PROOF. Formula (6.5) is an immediate consequence of the de nition of Nijenhuis tensor and formula (5.12).
To prove formula (6.6) The horizontal lifts of tensors and connections to the principal bundles LM and L 2 M considered in 1], as well as their properties, arise by restriction of our horizontal lifts to T n;1 M and T n;2 M.
